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Abstract
Employee stock options (ESOs) are prominently used as part of the remuneration offered by many companies. For the sake of financial transparency, it is important that
these ESOs be fairly valued. A very important, but certainly a vague or “rubbery” input for ESO valuation is the expected future volatility of the underlying stock price.
This vagueness stems in large part from the fact that ESOs are generally long-lived.
We address this problem by testing the predictive ability of several volatility estimation models, mostly from the ARCH family, to see which best forecasts future stock
price volatility over a long term of five years. Our results indicate that the EGARCH
model generally produces the best five year volatility forecasts, in terms of crosssectional mean relative (forecast versus realised) volatility errors.

*

Accounting and Finance, University of Western Australia, pb@biz.uwa.edu.au.

+

Finance and Banking, Curtin University of Technology; and Accounting and Finance, University of

Western Australia, jgould@biz.uwa.edu.au.
†

Supreme Court of Western Australia, aaron.mcdonald@justice.wa.gov.au.

‡

Economics and Law, University of Bonn, Germany, szimayer@uni-bonn.de.

1

1. Introduction
Many companies in Australia and overseas grant employee stock options (ESOs) to
their employees as part of their remuneration package. International Financial Reporting Standard 2, Share-based Payment (IFRS 2), issued by the International Accounting Standards Board (IASB), requires companies to recognise the “fair value” of
ESOs granted to employees as an expense over the vesting period. Australia has
adopted this standard, along with many other countries.1 In the United States, Financial Accounting Standard 123 (revised) (FAS 123(R)) requires companies to meet
similar fair value reporting standards for ESOs.
Determining the fair value of ESOs is problematic. The expected future volatility of
the underlying stock price is an essential and very consequential input to pricing
methods such as the Black-Scholes model and Cox-Ross-Rubinstein binomial model.
Fair valuation at time of granting of ESOs requires future volatility to be estimated,
but different estimates can produce substantially different values for otherwise identical ESOs. There is no universally accepted “best practice” method of estimating volatility, and IFRS 2 offers no recommendation or guidance.2 Consequently ESO expenses cannot be easily compared across firms that employ different volatility estimation methods.
We address this problem by testing the predictive ability of several historical volatility
estimation methods to see which “best” forecasts future long term volatility. The approach is different from most previous volatility forecasting research, which has generally focused purely on short or medium term predictive ability. We are concerned
with predictive performance over a long horizon of five years, being a suitable lifespan for ESOs. This paper is thus of practical importance to: accountants and human
resource managers and their advisors who have to fairly value ESOs; employees who
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See http://www.iasplus.com/country/useias.htm for a list of countries that have adopted accounting

standards issued by the IASB.
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Compounding the problem is that the long life of ESOs (typically five years in Australia and ten years

in the United States) generally renders irrelevant any implied volatility reference taken from market
valuations of usually far shorter-lived exchange traded options.
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have to personally assess the fair value of their ESO packages; and investors who
have to judge the corporate valuation impacts of ESOs.
The historical volatility estimation methods we test for forecast accuracy are primarily
ARCH family models, in particular: generalised autoregressive conditional heteroskedasticity (GARCH) of Bollerslev (1986); exponential GARCH (EGARCH) of Nelson
(1991); integrated GARCH (IGARCH) of Engle and Bollerslev (1986); and, fractionally integrated GARCH (FIGARCH) of Baillie, Bollerslev and Mikkelsen (1996).
Two other methods are also tested: exponentially weighted moving average (EWMA)
variance, and simple historical variance.
The long-run predictive performance of the volatility estimators is assessed using
stock price data from the Australian Securities Exchange (ASX). For each company in
our dataset and each volatility estimator, weekly stock returns for a specified estimation time-window are used to estimate future volatility for a subsequent adjacent forecast time-window. The forecast volatility can then be assessed against the realised
volatility over the forecast window. We consider estimation windows of two and five
years, and a forecast window of five years. The estimation plus forecast windows are
repeatedly rolled forward by one week at a time resulting in a rolling time series of
overlapping estimation plus forecast windows and their associated volatility forecasts
and realisations. Rolling time series of forecast versus realised volatility error metrics
are calculated and averaged in cross-section to indicate which volatility estimator provides the “best” volatility forecasts. Our results indicate that the EGARCH model
generally produces the best five year volatility forecasts.
The rest of the paper is organised as follows. Section 2 outlines IFRS 2 and provides
an analysis of relevant literature. Section 3 describes the technical specifications of
the volatility estimators. Section 4 describes the data and method for the empirical
analysis. Section 5 provides the results, and Section 6 concludes the paper.
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2. Accounting standards and background literature
In February 2004 the International Accounting Standards Board (IASB) issued International Financial Reporting Standard 2, Share-based Payment (IFRS 2). The effect
of this standard is to require entities to recognise the fair value of employee stock options (ESOs) granted to employees as an expense over the vesting period. This requirement places a more onerous accounting burden on companies, who previously
did not have to record the fair value of ESOs in their profit-and-loss statements. Australia adopted IFRS 2 in July 2004 through AASB 2, Share-based Payment,3 which
took effect for annual reporting periods beginning on or after 1 January 2005.
The United States retains the Financial Accounting Standards Board (FASB) as its
primary standard-setter. The FASB’s FAS 123, Accounting for Stock-Based Compensation, issued in 1995, previously allowed companies to report the “intrinsic value” of
ESOs rather than the fair value.4 However, in December 2004 the FASB issued FAS
123(R), which removed the option of reporting the intrinsic value of ESOs and required companies to recognise the fair value. FAS 123(R) was designed to harmonise
US reporting requirements with those of the IASB, and the provisions of the standard
are similar to those of IFRS 2.
IFRS 2 states that the fair value of an ESO is to be determined using an option pricing
model (Para 17).5 The standard does not specify which option pricing model is to be
used, other than it “be consistent with generally accepted valuation methodologies for
pricing financial instruments” (Para 17). The standard also requires the model to take
into account six factors: the exercise price of the option, the life of the option, the cur-
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AASB 2 contains the same provisions as, and is equivalent to, IFRS 2. This paper will refer to IFRS 2

rather than AASB 2.
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The intrinsic value of a call option is simply the current stock price minus the exercise price, assum-

ing that the stock price is greater than or equal to the exercise price. It is almost always lower than the
fair value, because it does not include the time value of the option.
5

This assumes that the price cannot be gauged from an active options market. In practice, most ESOs

have long lives and vesting conditions that preclude inferring the price from publicly traded options.
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rent stock price, the expected volatility of the stock, the expected dividends on the
stock, and the risk-free interest rate (Para B6). “Volatility” is defined as the annualised standard deviation of the continuously compounded rate of return of the stock
over the life of the option (Para B22). Though not explicit, these factors anticipate the
use of a risk-neutral pricing method such as the Black-Scholes model or Cox-RossRubinstein binomial model (the models seemingly most popular in practice).6
IFRS 2 gives some guidance on estimating future volatility, without providing a
“standard” or explicit formula. Some factors that may be taken into account include
the implied volatility from actively traded options, the historical volatility of the stock
and the possibly mean-reverting behaviour of volatility (Para 25). The standard also
allows some historical periods to be excluded from the historical volatility calculation
if they were “extraordinarily volatile” periods (Para 25d). Ultimately it is left to reporting entities to decide over what intervals returns will be measured, what periods
of historical data will be disregarded, and how much historical data will be used in
estimation.

2.1. Conditional variance models
Conditional variance models predict future volatility by modelling the conditional
variance as a function of time, past volatility and past errors in estimation; they use
accrued “memory” of previous returns or volatility to make predictions about future
volatility. The dominant class of conditional variance models, in both theory and practice, is the ARCH (autoregressive conditional heteroskedasticity) family of models.
The first ARCH model was proposed by Engle (1982), who modelled conditional
stock return variance (volatility squared) as a function of previous stock return innovations (ARCH terms) and a constant level of volatility. The number of lagged return
innovations and the relative weight that they were given determined the memory of
the process.
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For example, see Deloitte (2004) A Guide to IFRS 2.
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The generalised ARCH (GARCH) of Bollerslev (1986) is the best-known ARCHclass model. Volatility is modelled as a function of past volatility, some underlying
“long-run” level of volatility and the latest return innovation. Compared to traditional
ARCH models, GARCH models allow for persistence of shocks to the conditional
variance where the shocks decay at a geometric rate. Exponential GARCH
(EGARCH) was developed by Nelson (1991) to allow for asymmetric responses of
the conditional variance to positive and negative return shocks; this was prompted by
the observation that negative return shocks tend to increase conditional variance more
than positive shocks (see Black (1976)). Integrated GARCH (IGARCH), proposed by
Engle and Bollerslev (1986), is similar to GARCH except that shocks to the conditional variance persist indefinitely. The fractionally integrated GARCH (FIGARCH)
of Baillie et al. (1996) incorporates fractional long memory into the ARCH type
model as a “middle ground” between non-integrated ARCH models (e.g. GARCH and
EGARCH) and integrated ARCH models (e.g. IGARCH); shocks to the conditional
variance decay at a hyperbolic rate, which is slower than the geometric decay of
GARCH but faster than the indefinite persistence of IGARCH.

2.2. Empirical evidence on the performance of ARCH models
There is no shortage of literature about the performance of ARCH models in predicting the future volatility of stock returns. For example, Poon and Granger (2003) identified 39 major studies of the predictive ability of the simple GARCH model. Most
studies focus on the short-run performance of these models, often for forecast horizons of only a few days or weeks. In contrast, there is little evidence on the long-run
predictive ability of ARCH models, a matter relevant to the pricing of long-lived
ESOs.
Some studies that do look at the long-run performance of ARCH volatility estimators
are those of Baillie et al. (1996) and Bollerslev and Mikkelsen (1996, 1999). Baillie et
al. found that their newly proposed FIGARCH model outperforms other ARCH models in specifying the volatility process of the US$/Deutschmark exchange rate. Bollerslev and Mikkelsen (1996) found that fractionally integrated ARCH models outperform GARCH and EGARCH models for pricing options on the S&P 500 index. And
6

Bollerslev and Mikkelsen (1999) showed that fractionally integrated ARCH models
outperform simpler ARCH models in pricing three year LEAPS options on the S&P
500 index.
With a view to the requirements of ESO pricing, there are three primary aspects that
distinguish our study from the majority of previous long-run volatility forecasting
studies. Firstly, whereas previous studies have generally considered long-run forecasting horizons of three years or less, our forecasting horizon of five years is a better
match to the (initial) maturities of ESOs in general. In this regard it is reasonable to
suppose that there may be a difference between the three year (or less) and five year
forecast performance of the various volatility estimators, just as there is evidence of a
difference between short-run and three year forecast performance. Secondly, previous
long-run volatility forecasting studies have generally been undertaken with foreign
exchange or share price index data, rather than individual stock return data relevant to
ESO pricing. Thirdly, we use comparatively low frequency (weekly) stock return data
to estimate and forecast volatility so as to assuage market illiquidity issues associated
with higher frequency returns.
Our paper examines the long-run forecasting ability of several volatility estimation
models, mostly from the ARCH family, using a wide-ranging dataset of individual
stock returns. Specifically we consider Australian equities, which have been subject to
relatively few conditional variance studies.7

3. Volatility models
The following conditional variance models from the ARCH family are examined:
GARCH(1,1); EGARCH(1,1); IGARCH(1,1); and FIGARCH(1,d,0). Furthermore an
exponentially weighted moving average (EWMA) estimator and an estimator based
purely on the simple historical variance are considered.
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A notable contribution to the Australian evidence is Brailsford and Faff (1996), who used the Statex-

Actuaries Accumulation Index to test conditional variance models in the Australian market.
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3.1. ARCH family volatility models
Specify the information set of the market at time t to be given by ℑt . Define Rt to be
the continuously compounding total return rate for a stock for the period t − 1 to t .
Now suppose the stock return follows an AR(1) process:8
Rt = µ 0 + µ1 Rt −1 + ε t ,

(1)

where µ 0 and µ1 are constants and ε t is a random error term. The error term ε t determines return innovations according to a stochastic process:

ε t = h tη t ,
where η t is an independent and identically distributed (i.i.d.) white noise series with
zero expectation and unit variance (i.e. E[ηt ] = 0 and VAR[ηt ] = 1 ), and ht is a
ℑt −1 -measurable process. By conditioning on the previous information set ℑt −1 , the
conditional variance of the stock return can be inferred:
VAR[ Rt | ℑt −1 ] = VAR[ε t | ℑt −1 ] = ht .
The generalised autoregressive conditional heteroskedasticity (GARCH) model of
Bollerslev (1986) defines the conditional variance of the returns as a function of some
constant level of variance, lagged return innovations (up to p lags), and lagged conditional variances (up to q lags). For the GARCH(1,1) model only one innovation lag
( p = 1 ) and one conditional variance lag ( q = 1 ) are used:

ht = ω + αε t2−1 + β ht −1 ,

(2)

where ω is the constant level of variance, α determines the impact of the lagged innovation and β determines the persistence or “inertia” of the lagged conditional vari-

8

An AR(1) process was chosen to describe the return process, as it provided a good “fit” to data in

preliminary testing, and is in line with other research. The AR(1) specification does not materially reduce the generality of this section.
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ance. To ensure the process is stationary (i.e. does not explode as time passes) it is
sufficient to have α + β < 1 . Having α , β and ω > 0 is sufficient to ensure that the
variance is strictly positive. Under this model, shocks to the conditional variance decay at a geometric rate.
The exponential GARCH (EGARCH) model was introduced by Nelson (1991) to accommodate asymmetric response of the conditional variance to positive and negative
return innovations. Assuming that innovations are normally distributed,9 the conditional variance of the EGARCH(1,1) model is given by:

ln(ht ) = ω + θ

ε t −1
ht −1

 ε
2
+ γ  t −1 −
 + β ln(ht −1 ) .
π 
 ht −1

(3)

Since the left hand side of the equation takes the logarithm of the conditional variance, the right hand side can become negative without the conditional variance becoming negative. The parameters ω , θ , γ and β are free to take positive or negative
values. If θ < 0 , a negative shock will increase the conditional variance more than a
positive shock of the same magnitude, and vice versa for θ > 0 . Having β < 1 is sufficient to ensure the process is stationary (He, Terasvirta and Malmsten (2002)). Like
the GARCH model, shocks to the conditional variance decay at a geometric rate.
The integrated GARCH (IGARCH) model of Engle and Bollerslev (1986) is a
“tweaked” version of the GARCH model where the condition α + β = 1 is imposed.
This is to reflect that, in practice, the observed α and β GARCH parameters (for
various lags) often sum approximately to one (see Chou (1988) and Mikosch and
Stărică (2004)). Thus, for the IGARCH(1,1) model, the conditional variance is specified by equation (2) with the constraint that α + β = 1 . Like the GARCH model, having α , β and ω > 0 is sufficient to ensure the process is always non-negative.
Unlike the GARCH(1,1) model, under the IGARCH(1,1) model volatility shocks per-

9

This assumption is discussed in Section 4.1. It does not substantially affect the formulation of the

conditional variance.

9

sist indefinitely, and the conditional variance exhibits infinite dependence on initial
conditions (Nelson (1990)).
Fractionally integrated GARCH (FIGARCH) reflects the fractional long memory
documented in stock returns (Ding, Granger and Engle (1993)). Empirical research
indicates that shocks to volatility decay more slowly than commensurate with
GARCH or EGARCH specifications, but more quickly than commensurate with the
infinite persistence of IGARCH. Following Bollerslev and Mikkelsen (1996), the FIGARCH(1,d,0) specification is adopted:

d (d − 1) 2
d (d − 1)(d − 2) 2


ht = ω − βε t2−1 +  d ε t2−1 −
ε t −2 +
ε t −3 − ... + β ht −1 .
2!
3!



(4)

When 0 < d < 0.5 , the process has long memory and the stock return process follows
fractional Brownian motion. To ensure that the process is stationary, it is sufficient to
have β < d and − 0.5 < d < 0.5 (Chung (2001)). To ensure that the conditional variance is strictly positive, it is sufficient to have d , β and ω > 0 .

3.2. Other volatility models
The exponentially weighted moving average (EWMA) estimator is often used in risk
management to forecast volatility in value-at-risk calculations (Jorion (1997)).10 In
calculating the mean of the squares of the historic return variations from mean return,
this estimator assigns maximum weight to the most recent observation, and exponentially decreasing weights to progressively older observations. Thus:

 K

ht =  ∑ λ i −1 
 i =1


−1 K

∑λ
i =1

i −1

( Rt +1−i − R ) 2 , 0 < λ < 1 ,

where K is the number of observations and R is the mean return of the sample. The
parameter λ determines the persistence of volatility; the higher is λ , the longer

10

One of the better known EWMA estimators is JP Morgan’s RiskMetrics (www.jpmorganchase.com).
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shocks to the conditional variance take to die away. If K is large, we can conveniently approximate the conditional variance as:
ht ≈ λ ht −1 + (1 − λ )( Rt − R ) 2 .

(5)

To ensure stationarity it is sufficient to have 0 < λ < 1 .
Finally we also consider the simple historical variance model, also known as the “random walk” model. This method simply uses the past sample variance of the continuously compounded returns over a certain period to forecast future variance.

4. Data and Method
Time series of weekly (Wednesday-to-Wednesday) stock returns are obtained from
the SIRCA daily database of Australian Securities Exchange (ASX) stock prices and
used with our chosen estimators to forecast stock return variance, and to provide realised variance by which the forecasting performance of the estimators can be assessed.
With weekly steps, we apply rolling estimation plus forecast windows of two plus five
years and five plus five years over the period January 1980 to August 2007; thus we
consider all companies in the database with a continuous weekly returns history of at
least seven years and at least ten years during January 1980 to August 2007. For the
two plus five year (estimation plus forecast) rolling window, the number of eligible
companies varies from 21 to 645; and for the five plus five year rolling window, the
number of eligible companies varies from 16 to 491. The number of eligible companies generally increases steadily and moderately as the rolling windows move forward
through the January 1980 to August 2007 time-frame. However the database presents
a very large jump upwards in eligible companies for the two plus five years and five
plus five years commencing January 1991 (ending January 1998 and January 2001
respectively).
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4.1. Estimating the ARCH family volatility models
For each of our chosen ARCH family estimators, parameters are obtained using
maximum likelihood estimation.
Given a time series of K weekly stock returns ( Rt − K +1 to Rt ) for either a two year or
five year estimation window (i.e. K ≈ 104 or 261 weeks), K − 1 return innovations
( ε t − K + 2 to ε t ) are computed from the return equation (1): ε t = Rt − µ0 − µ1 Rt −1 . Weiss
(1986) and Bollerslev and Wooldridge (1992) showed that, asymptotically, maximum
likelihood estimation is insensitive to the underlying distribution of innovations. Thus
we follow Baillie et al. (1996) and Bollerlsev and Mikkelsen (1996, 1999) and assume
that innovations are normally distributed such that ε t ~ N (0, ht ) .
Equations (2) and (3) specify the conditional variance time series for our
GARCH(1,1), EGARCH(1,1) and IGARCH(1,1) estimators. To initiate each conditional variance time series, ht − K + 2 is set equal to the sample return variance over the
estimation window. Thus K − 2 conditional variances are computed ( ht − K +3 to ht ).
For the GARCH(1,1) model, equation (2) is reparameterised to ensure the estimated
conditional variance process is stationary and strictly positive:

ht = ω + αε t2−1 + β ht −1
= ω + α ( Rt −1 − µ0 − µ1 Rt − 2 )2 + β ht −1
= exp(ln_ω )
+ [1 − logistic(invlogistic_ β ) ] logistic(invlogistic_α on1takeβ )( Rt −1 − µ0 − µ1 Rt − 2 ) 2
+ logistic(invlogistic_ β )ht −1 ,
where ln_ω , invlogistic_α on1takeβ and invlogistic_ β are the new parameters,
which together with the exponential and logistic functions put into effect the constraints α , β and ω > 0 , and α + β < 1 .
For the EGARCH(1,1) model, to ensure the estimated conditional variance process is
stationary, equation (3) is reparameterised to put into effect the constraint β < 1 :
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ln(ht ) = ω + θ

( Rt −1 − µ0 − µ1 Rt − 2 )
ht −1

 R −µ −µ R
2
0
1 t −2
+ γ  t −1
−

π 
ht −1

+ [ 2 logistic(invlogistic_ β plus1on 2) − 1] ln(ht −1 ) .

For the IGARCH(1,1) model, equation (2) is reparameterised to put into effect the
constraints α , β and ω > 0 , and α + β = 1 :

ht = exp(ln_ω ) + [1 − logistic(invlogistic_ β ) ] ( Rt −1 − µ0 − µ1 Rt − 2 ) 2
+ logistic(invlogistic_ β )ht −1 .
For the FIGARCH(1,d,0) model, equation (4) is reparameterised to put into effect the
constraints d , β and ω > 0 and β < d < 0.5 ; and the infinite fractional difference
series applied to the innovation lags is truncated at 20 lags:


ht ≈ ω − β ( Rt −1 − µ0 − µ1 Rt − 2 ) 2 + β ht −1 +  d ( Rt −1 − µ0 − µ1 Rt − 2 ) 2

d (d − 1)
d (d − 1)(d − 2)
−
( Rt − 2 − µ0 − µ1 Rt −3 ) 2 +
( Rt −3 − µ0 − µ1 Rt − 4 ) 2 − ...
2!
3!

d (d − 1)(d − 2)...(d − 19)
+
( Rt − 20 − µ0 − µ1 Rt − 21 )2 
20!

= exp(ln_ω )
−0.5logistic(invlogistic_ 2d ) logistic(invlogistic_ β ond ) ( Rt −1 − µ0 − µ1 Rt − 2 )2 − ht −1 


+ 0.5 logistic(invlogistic_ 2d )( Rt −1 − µ0 − µ1 Rt − 2 ) 2 − ...


∏ [0.5logistic(invlogistic_ 2d ) − i ] ( R
+
19

i =0

20!


2
.
µ
µ
−
−
R
)
t − 20
0
1 t − 21



To initiate the FIGARCH(1,d,0) conditional variance time series, ht − K + 2 to ht − K + 21 are
set equal to the sample return variance over the estimation window. Thus K − 21 conditional variances are computed ( ht − K + 22 to ht ).
To initiate the GARCH(1,1), EGARCH(1,1) and FIGARCH(1,d,0) maximum likelihood estimations, the starting value of µ0 is set to the sample mean return over the
estimation window, and µ1 is set to zero. The starting values of the ln_ω parameter
for GARCH(1,1) and FIGARCH(1,d,0), and the ω parameter for EGARCH(1,1), are
13

set to the natural log of the sample return variance over the estimation window. For
GARCH(1,1), the starting values of invlogistic_ β and invlogistic_α on1takeβ are
both set to -100 (effectively setting α and β = 0 + ). For EGARCH(1,1), the starting
values of θ , γ and invlogistic_ β plus1on 2 are all set to zero (effectively setting

β = 0 ). For FIGARCH(1,d,0), the starting values of

invlogistic_ 2d

and

invlogistic_ β ond are respectively set to zero and -100 (effectively setting d = 0.25
and β = 0 + ).
The IGARCH(1,1) maximum likelihood estimation is given a “helping hand” by setting the starting values of µ0 , µ1 , ln_ω and invlogistic_ β equal to the estimates obtained from the GARCH(1,1) maximum likelihood estimation.11

4.2. Estimating the EWMA volatility model
The EWMA parameter is also obtained via maximum likelihood estimation.
From the time series of K weekly stock returns ( Rt − K +1 to Rt ), K return innovations
( ε t − K +1 to ε t ) are computed from the random walk return equation: ε t = Rt − µ0 ,

ε t ~ N (0, ht ) .
Equation (5) specifies the conditional variance time series. To initiate the conditional
variance time series, ht − K +1 is set equal to the sample return variance over the estimation window. Thus K − 1 conditional variances are computed ( ht − K + 2 to ht ). Equation
(5) is reparameterised to ensure stationarity:

ht ≈ λ ht −1 + (1 − λ )( Rt − R ) 2
= λ ht −1 + (1 − λ )ε t2

= logistic(invlogistic_λ )ht −1 + [1 − logistic(invlogistic_λ ) ] ε t2 .

11

Regardless of parameter starting values, the IGARCH(1,1) maximum likelihood estimation has a

very high rate of failure.
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To initiate the EWMA maximum likelihood estimation, the starting value of
invlogistic_λ is set to 2.7515, which effectively sets λ = 0.94 (being the value used
in the RiskMetrics database, created by JP Morgan (1995) for value-at-risk and volatility consulting).

4.3. Forecasting conditional variance
Having obtained the maximum likelihood parameters of our various volatility models
for a given estimation window, for each model a time series of N weekly conditional
variance forecasts ( hˆt +1 to hˆt + N ) is projected for the adjacent five year forecast window (i.e. N ≈ 260 weeks).
Having reversed any reparameterisation of parameter estimates, and knowing ε t and
ht , the GARCH(1,1) and IGARCH(1,1) conditional variance forecasts are given by:

ˆ t2 + βˆ ht ,
hˆt +1 = ωˆ + αε
hˆt + s = ωˆ + (αˆ + βˆ )hˆt + s −1 , s ≥ 2 ,
noting that αˆ + βˆ = 1 for the IGARCH(1,1) model.
For the EGARCH(1,1) model the conditional variance forecasts are given by:

ln(hˆt +1 ) = ωˆ + θˆ

 ε
2 ˆ
+ γˆ  t −
 + β ln(ht ) ,
π 
ht
 ht

εt

ln(hˆt + s ) = ωˆ + βˆ ln(hˆt + s −1 ) , s ≥ 2 .
For the FIGARCH(1,d,0) model, 20 lagged innovations are used to make the t + 1
conditional variance forecast:

ˆ 2 + βˆ h
hˆt +1 = ωˆ − βε
t
t

dˆ (1 − dˆ ) 2 dˆ (1 − dˆ )(2 − dˆ ) 2
dˆ (1 − dˆ )(2 − dˆ )...(19 − dˆ ) 2 
ε t −1 +
ε t − 2 + ... +
ε t −19  .
+  dˆε t2 +
2!
3!
20!
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As the FIGARCH(1,d,0) conditional variance forecast is stepped forward, future
squared innovations ( ε t2+1 , ε t2+ 2 , etc.) are represented by their estimated expectations
(i.e. hˆt +1 , hˆt + 2 , etc.):
 ˆˆ
dˆ (1 − dˆ ) 2
dˆ (1 − dˆ )(2 − dˆ )...(19 − dˆ ) 2 
hˆt + 2 = ωˆ +  dh
ε t + ... +
ε t −18  , etc. ,
t +1 +
2!
20!


 ˆˆ

dˆ (1 − dˆ ) ˆ
dˆ (1 − dˆ )(2 − dˆ )...(19 − dˆ ) ˆ
hˆt + s = ωˆ +  dh
ht + s − 2 + ... +
ht + s − 20  , s ≥ 21 .
t + s −1 +
2!
20!


For the EWMA model, the conditional variance forecasts all equal the current variance: hˆt + s = ht , s ≥ 1 . For the simple historical variance estimator, the conditional
variance forecasts all equal the sample weekly return variance over the estimation
window.
For each volatility model, the N weekly conditional variance forecasts over the forecast window are converted to an annualised “integrated” volatility:
N

1
Sˆ = 52.1
N

∑ hˆ

t +i

i =1

.

This integrated volatility represents our volatility forecast. It can be considered analogous to the input for the Black-Scholes formula (Andersen, Bollerslev and Lange
(1999)).12

4.4. Assessing forecasting performance
For each stock return time series (i.e. each individual cross-sectional company), and
each estimation plus forecast window, we seek to obtain six different volatility fore-

12

Merton (1973) showed that integrated volatility,

∫

t

T

σ u du (T − t ) , can be used in the Black-Scholes
2

formula, where σ t is a deterministic spot volatility function.
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casts. However, for the ARCH family and EWMA models, if maximum likelihood
estimation fails, or if the volatility forecast is more than twice the simple volatility
forecast (also considered failure), the simple volatility forecast is used as a substitute.
Therefore the volatility forecasts are termed: GARCH/simple, EGARCH/simple,
IGARCH/simple, FIGARCH/simple, EWMA/simple, and simple. These six forecasts
are assessed against the realised simple volatility over the forecast window, σ (i.e.
the annualised sample standard deviation of weekly stock returns over the forecast
window).
Following Bollerslev and Mikkelsen (1999), three cross-sectional volatility forecast
error metrics are computed: mean relative error (MRE), mean relative absolute error
(MRAE), and mean relative square error (MRSE):

MRE =

1
M

 Sˆi − σ i

∑
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i =1 
M


1
 , MRAE =
M


 Sˆi − σ i

∑
σi
i =1 

M


 , MRSE = 1

M


 ( Sˆi − σ i )2 

 ,
∑
σ i2
i =1 

M

where M is the number of companies in our database with a weekly stock return time
series for the full period of the given estimation plus forecast window.
A fourth metric, the substitution rate, indicates the proportion of M cross-sectional
volatility forecasts that have the simple forecast substituted for the failed ARCH family or EWMA forecast.
By rolling the two plus five year and five plus five year estimation plus forecast windows forward, a time series of volatility forecast errors for each volatility model and
each error metric is obtained.

5. Results
To provide a pattern of reference for the volatility forecasting error results, Figure 1
shows the time series of five years backward sample volatility and five years forward
sample volatility for the Australian All Ordinaries Accumulation Index, and the relative error that results from using historic volatility to forecast future volatility. Figure
1 starkly illustrates how a short and sharp volatility shock, the October 1987 stock
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market crash, leads to a distinct step up in the volatility forecast error. After October
1987, the five years forward volatility realisation is much lower than the five years
backward volatility estimation, leading to a large positive relative forecast error; this
situation remains until the five years backward estimation window rolls past October
1987, at which point the relative forecast error steps back down. Another short and
sharp volatility shock (albeit not nearly as sharp as October 1987) is prominently observable as a step up in the volatility forecast error in late 1997, attributable to the
Asian financial crisis.
The volatility forecast error time series in Figure 1 finishes with the five years forward volatility realisation extending into the current period of market turmoil (stemming from the US sub-prime mortgage crisis and the ensuing global financial crisis).
Consequently, in late 2003, the five years backward volatility underestimates future
volatility, leading to a negative relative forecast error.
As Figure 1 demonstrates, the variable severity and intervals of volatility shocks
means that a five year look-back at volatility can be short-sighted in terms of anticipation of future volatility shocks. Nevertheless, when concerning ourselves with individual companies, it is relatively rare to have the luxury of decades of stock price
trading history. Furthermore, even a long-lived company is likely to vary its financing
and operating business model over time, implying its stock price volatility history
may entail regime shifts that could be “lost” within an excessively long look-back period for volatility estimation. With such regard we apply two year and five year lookback volatility estimation windows to our cross-sectional samples of individual companies. This is with the understanding that the time series of mean volatility forecast
errors will demonstrate significant variability; because rolling forward of the time series shifts the “framing” of disparate historic volatility shocks from the forecast window to the estimation window, leading to a cycle of realised volatility being underestimated by a forecast from look-back estimation, to realised volatility being overestimated.
Figures 2 and 3 display the time series of cross-sectional mean volatility forecast errors for the various volatility models for two plus five year and five plus five year estimation plus forecast rolling windows. Recall that, for the ARCH family and EWMA
models, for individual cross-sectional companies, if maximum likelihood estimation
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fails, or if the volatility forecast is more than twice the simple volatility forecast (also
considered failure), the simple volatility forecast is used as a substitute. The bottom
row, panels (Biv) to (Fiv) of both Figures 2 and 3 show the time series substitution
rates for the ARCH family and EWMA models, thus indicating the prevalence of dependence on the simple volatility forecast as a substitute. Panel (Aiv) shows the time
series cross-sectional sample size of eligible companies; here it can be seen that the
database presents a large jump upwards in cross-sectional sample size for the two plus
five years and five plus five years ending January 1998 and January 2001 respectively. Looking across each of the first three rows of Figures 2 and 3 allows comparison of the volatility forecast performance of the different volatility models in terms of
the three error metrics (MRE, MRAE and MRSE).
Comparing (the first three rows of) the first and second columns of both Figures 2 and
3 shows little variation in the volatility forecasting performance of the simple and
GARCH/simple models, although the GARCH/simple model uniformly entails moderately superior median error metrics. Moving then to the third column, the
EGARCH/simple model generally entails further moderate improvement of median
error metrics (median MRAE being the exception); the time series error metric patterns remain broadly similar to those of the simple and GARCH/simple models, but
tend to be “fuzzy” due to the simple-for-EGARCH substitution rate hovering around
5% to 10% entailing considerable switching between simple and EGARCH volatility
forecasts for individual cross-sectional companies.
Next the IGARCH/simple model in the fourth column has an extremely high simplefor-IGARCH substitution rate (generally around 70%); despite this high dependence
on simple volatility forecasts substituting for IGARCH forecasts, the IGARCH/simple
model is comfortably outperformed by the simple model in terms of median error
metrics. The FIGARCH/simple model in the fifth column has a low simple-forFIGARCH substitution rate, but nevertheless generally underperforms the simple
model, but outperforms the IGARCH/simple model, again in terms of median error
metrics.
Although the IGARCH/simple and FIGARCH/simple models tend to produce median
error metrics inferior to the simple model, their time series error metric patterns are
still somewhat similar to those of the simple model (and the GARCH/simple and
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EGARCH/simple models). In the sixth column, the time series error metric patterns of
the EWMA/simple model are much less similar. For the two year estimation windows
(Figure 2) the EWMA/simple model produces, by far, the worst median error metrics.
For the five year estimation windows (Figure 3) the EWMA/simple model produces
the worst median MRAE.

5.1. Error metric time series parameters
Tables 1 and 2 summarise the time series parameters (minimum, maximum, mean,
median and standard deviation) of the error metrics (MRE, MRAE and MRSE). The
rows of Tables 1 and 2 are grouped into complete time series results and partial time
series results. The large jump upwards in cross-sectional sample size distinctly visible
in panel (Aiv) of both Figures 2 and 3 is used as the splitting point to commence the
partial time series; the partial time series results therefore avoid any influence from
this large jump in cross-sectional scope, and also happen to avoid any influence from
the October 1987 stock market crash. The complete and partial time series results are
furthermore given with and without substitution of simple volatility forecasts for
failed ARCH family and EWMA forecasts. That is, we summarise the volatility forecasting performance of the GARCH/simple, EGARCH/simple, IGARCH/simple, FIGARCH/simple and EWMA/simple models (where the simple volatility forecast is
substituted for a failed ARCH family or EWMA forecast) versus simple realised volatility; and we also summarise the “pure” volatility forecasting performance of the
GARCH, EGARCH, IGARCH, FIGARCH and EWMA models (discarding failed
forecasts) versus simple realised volatility. The (variable) failure rates of the ARCH
family and EWMA forecasts mean that the cross-sectional fraction of eligible sample
companies for which a valid volatility forecast can be obtained will often be less than
unity when substitution of the simple volatility forecast is not used (this is especially
an issue for the IGARCH model).
Therefore we have two “forecast error perspectives” for calculating the time series of
mean cross-sectional volatility forecasting errors. For each cross-sectional sample
company: (i) each volatility model’s forecast, with substitution of the simple forecast
in event of estimation failure, is assessed against the realised simple volatility (e.g.
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GARCH/simple versus simple); and (ii) each volatility model’s forecast, with estimation failures discarded, is assessed against the realised simple volatility (e.g. GARCH
versus simple).
In Tables 1 and 2, for each combination of, the complete and partial time series, forecast error perspective (i.e. with and without substitution of simple volatility forecasts
for failed ARCH family and EWMA forecasts), five time series parameters (minimum, maximum, mean, median and standard deviation), and three error metrics
(MRE, MRAE and MRSE): there is a column-group of six results indicating the relative performance of each volatility model (i.e. there are 60 column-groups of six,
2∗2∗5∗3=60, for Table 1 and for Table 2). Within each column-group of six, the
“winner” result is shaded (this is the value closest to zero); if a single model provides
the winner for all three error metrics, it is declared the “clear winner” for that particular forecast error perspective and time series parameter.
Tables 1 and 2 show the EGARCH/simple and EGARCH models to generally dominate as winners and clear winners. Across both Tables 1 and 2: out of 120 columngroups of six, EGARCH/simple and EGARCH together have 52 wins, followed by
GARCH/simple and GARCH together with 30 wins; and out of 40 contests for clear
winner, EGARCH/simple and EGARCH together are clear winners seven times, followed by IGARCH as clear winner twice. If we consider only the mean and median as
the most important time series parameters: out of 48 column-groups of six,
EGARCH/simple and EGARCH together have 30 wins, followed by GARCH/simple
and GARCH together with 17 wins; and out of 16 contests for clear winner,
EGARCH/simple and EGARCH together are clear winners five times, followed by
GARCH as clear winner once.
However, if we focus only on the partial time series results, the EGARCH/simple and
EGARCH performance falls behind GARCH/simple and GARCH. Considering only
the partial time series results of Tables 1 and 2, out of 60 column-groups of six,
GARCH/simple and GARCH together have 25 wins, followed by EGARCH/simple
and EGARCH together with 17 wins. If we consider only the mean and median of the
partial time series error metrics: out of 24 column-groups of six, GARCH/simple and
GARCH together have 13 wins, followed by EGARCH/simple and EGARCH to-
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gether with 11 wins; and out of eight contests for clear winner, GARCH and
EGARCH achieve clear winner once each.
Seemingly in contrast to the error metric patterns shown in Figures 2 and 3, the
EWMA/simple and EWMA models often have the lowest error metric standard deviations, suggesting strong volatility forecasting precision, even if mean and median
forecasting performances are poor. Referring to Figures 2 and 3, it can be seen that the
EWMA/simple error metric patterns entail a lot of high frequency volatility, but are
less subject to big cyclical swings than is the case for the other volatility models.

5.2. What happened to FIGARCH?
Our results differ from the small number of other long-run volatility forecasting studies, which find that fractionally integrated models provide superior volatility forecasts. We actually find the FIGARCH model to be a poor performer. Previous studies
have had the luxury of estimating their models from very long time series of returns
for very liquid assets. Our purpose is to forecast volatility for individual companies
that will frequently have had relatively short and illiquid stock trading histories. To
assuage market illiquidity concerns we use weekly stock return series. In conjunction
with our two or five year estimation windows, our stock return series for volatility estimation have a mere 104 or 261 observations. This sparsity of data particularly hampers the FIGARCH estimation because 20 observations are used as return innovation
lags for application of the fractional difference series. That is, the data-hungry FIGARCH model does not happily accommodate reasonable practical limitations of
stock return series.

5.3. Two year or five year estimation window?
Focussing only on the means and medians of the error metrics, and only on
EGARCH/simple, EGARCH, GARCH/simple and GARCH models, the relative optimality of two year and five year estimation windows is not clear-cut. For the complete time series results, the 1987 stock market crash confounds a large subset of vola22

tility forecasts, and thus the two year rolling estimation window is superior; because a
shorter rolling estimation window does not overlap the 1987 event as often. For the
partial time series results, the five year rolling estimation window is generally superior; because a longer estimation window gives better model-parameter estimation (in
the absence of extreme events).

6. Conclusion
Employee stock options (ESOs) are prominently used as part of the remuneration offered by many companies. For the sake of financial transparency, it is important that
these ESOs be fairly valued. A very important, but certainly a vague or “rubbery” input for ESO valuation is the expected future volatility of the underlying stock price.
This vagueness stems in large part from the fact that ESOs are generally long-lived.
Although financial market academics and participants have a long history of valuing
and trading stock options, the vast majority of this experience has been concerned
with short-lived options. Thus this paper is motivated to test the predictive ability of
several volatility estimation models to see which best forecasts future volatility over a
long term of five years, using as data a diverse time series set of Australian weekly
stock returns.
From a range of six volatility models, mostly from the ARCH family, our results indicate that the EGARCH model generally produces the best five year volatility forecasts, in terms of cross-sectional mean relative (forecast versus realised) volatility errors.
Our results also demonstrate the confounding effect of extreme events on volatility
forecasting. The temporal spacing between extreme events (e.g. the 1987 stock market
crash and the current global financial crisis) means that, depending on the chosen estimation and forecast time windows, some extreme event will often be present in the
estimation window but not in the realisation (i.e. forecast) window, or vice versa; this
leads to time series cyclicality of volatility forecast errors.
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Figure 1: AOAI backward and forward volatility
Rolling five years backward and five years forward annualised sample weekly return volatility for Australia’s All Ordinaries Accumulation Index; and the relative error associated with using the backward volatility to forecast the forward volatility. That is, for a chosen date, the chart
shows historic volatility, future volatility, and the relative error that results from using historic volatility to predict future volatility.
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Figure 2: Complete time series of volatility forecasting errors for a 2+5 year estimation plus forecast rolling window
Complete time series of cross-sectional volatility forecasting errors for the simple, ARCH family and EWMA estimators, for a two plus five year
estimation plus forecast rolling window; for the two plus five years ending 31 December 1986 to 1 August 2007 (1075 windows, weekly steps).
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Figure 3: Complete time series of volatility forecasting errors for a 5+5 year estimation plus forecast rolling window
Complete time series of cross-sectional volatility forecasting errors for the simple, ARCH family and EWMA estimators, for a five plus five year
estimation plus forecast rolling window; for the five plus five years ending 3 January 1990 to 1 August 2007 (918 windows, weekly steps).
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Table 1: Time series parameters of volatility forecasting errors for a 2+5 year estimation plus forecast rolling window
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Table 2: Time series parameters of volatility forecasting errors for a 5+5 year estimation plus forecast rolling window
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